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Abstract 

We review the SU(2) Skyrme model and describe its topological soliton solutions, which 
are called Skyrmions. Skyrmions provide a model of nuclei in which the conserved topological 
charge is identified with the baryon number of a nucleus. The semiclassical quantum theory 
of Skyrmions, in which they are treated as rigid bodies spinning in space and isospace, is 
described. We derive the energy spectra corresponding to various light nuclei, and predict a 
few new states. We also calculate the electromagnetic form factors describing the structure 
of the a-particle and lithium-6. Our recent reparametrization of the model gives results that 
are in reasonable quantitative agreement with experiment. 

1 Introduction 

The Skyrme model, a nonlinear classical field theory of pions, was introduced in the early 
1960s as a tentative description of the strongly interacting elementary particles [43] . The model 
provides a low energy effective theory of quantum chromodynamics (becoming exact as the 
number of quark colours becomes large) [511 152] . QCD has an important broken symmetry: 
the approximate chiral SU (2) x SU (2) symmetry of strong interactions. By considering the 
conserved vector and axial-vector currents of QCD, it can be deduced that if this symmetry 
is exact and unbroken, parity doubling would be seen in the hadron spectrum. However, no 
such phenomenon is observed. So chiral symmetry must be spontaneously broken to its isospin 
SU (2) subgroup. A spontaneously broken approximate chiral symmetry entails the existence 
of approximately massless Goldstone bosons. The three pion particles tt + , 7r° and n~ behave 
as these approximate Goldstone bosons [50J. The Skyrme model captures this broken chiral 
symmetry. 

Interestingly, the Skyrme model admits topological soliton solutions, Skyrmions, with an 
integer-valued conserved topological charge. Skyrmions provide a model of atomic nuclei in 
which one interprets a quantized charge B Skyrmion as a nucleus with baryon number B. We 
describe a semiclassical quantum theory of Skyrmions and our recent progress in describing 
light nuclei within this framework. 

2 The Skyrme Model 

The Skyrme model is a nonlinear theory of pions defined in terms of four fields: a, tti, tt2 and 
7T3, subject to the constraint a 2 + ir\ + 7r| + vr| = 1 [35]. The Skyrme field is an SU{2) matrix 
defined as 

U = al 2 + vk ■ t = . , (1) 

V VK\ — 7T2 O — VK3 J 
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where r denotes the triplet of Pauli matrices. 
The Lagrangian density is given by 

C = S TrdnUVrf + ^Tr [d^Urf , d u UU^WUU\ d"Urf] + ^m^ 2 Tr ([/ _ ^ ^ (2) 

where is the pion decay constant, e is a dimensionless parameter and m, is the pion mass. 
One imposes the boundary condition J7(x) — > I2 as |x| — > 00. The vacuum, the unique field of 
minimal energy, is then ?7(x) = I2 for all x. In the absence of the term involving the pion mass, 
the Lagrangian would be symmetric under the SU(2) x SU(2) chiral symmetry U 1— ► A\U A\, 
where A\ and A2 are constant elements of SU (2). The vacuum J7 = 1 2 spontaneously breaks this 
symmetry down to the isospin SU(2) subgroup U 1— > AUA\ where A G SU{2). In addition, 
with the pion mass term present there is a small explicit breaking of chiral symmetry. The 
Skyrme model therefore captures the most fundamental property of QCD, that of spontaneous 
chiral symmetry breaking. 

Using energy and length units of F^/Ae and 2/eF w respectively, the Skyrme Lagrangian can 
be rewritten as 



L = j {-±Tr(R^) + ^Tr([R^R„][R»,R»})+m 2 Tr(U-l 2 )}d 3 x, 



(3) 



where = (8^17)11^, and the dimensionless pion mass m = 2m 7T /eF 7T . 

At a fixed time, U is a map from R 3 to S 3 , the group manifold of SU(2). The boundary 
condition U — > 1 2 implies a one-point compactification of space, so that topologically U can 
be regarded as a map from S 3 to S 3 . As ir^iS 3 ) = Z, Skyrme field configurations fall into 
homotopy classes labelled by an integer B, the baryon number, which is equal to the integral 
over space of the baryon density -Bq(x): 



B 

where 



jB ( X )d 3 x, (4) 

^ (X) = 24^2 W TrPUUidPUrtdPurt (5) 
is the baryon current. 

Restricting to static fields U (x) , the Skyrme energy functional derived from the Lagrangian 

is 

E = J {-±Ti(RiRi) -±;Tr ([Ri^j^Rj])- m 2 Tr([7 - 1 2 )| d 3 x . (6) 

For a given baryon number B, we denote the minimized energy by Mb, and we call the field 
that minimizes E a Skyrmion. Ai b can be identified with the static Skyrmion mass. Occasion- 
ally, we also refer to some non-global minima of the energy and some low-lying saddle point 
solutions as Skyrmions too. The Skyrme energy functional has a nine-dimensional symmetry 
group, consisting of translations and rotations in R 3 , together with isospin transformations. 
Consequently, Skyrmions lie on orbits of this symmetry group. Generically, this orbit is nine- 
dimensional, although for especially symmetric Skyrmions it is of lower dimension. 



3 Symmetric Skyrmions 

The minimal energy Skyrmion in the B = 1 sector is spherically symmetric and takes the form 

J7(x) = exp (i/(r)x • r) = cos/(r)l 2 + zsin/(r)x ■ r, (7) 

where / is a radial profile function obeying an ordinary differential equation with the boundary 
conditions /(0) = ir and /(oo) = 0. Skyrmions with B > 1 all have interesting shapes; they 



2 



are not spherical like the B = 1 Skyrmion. Figure 1 shows surfaces of constant baryon density 
for Skyrmions with 1 < B < 8, with the dimensionless pion mass parameter m = [35]. The 
surfaces of constant energy density are qualitatively rather similar. The B = 2 Skyrmion, for 
example, has axial symmetry and its baryon density has a toroidal structure [29] EH HE] ■ The 
Skyrmions presented in Fig. 1 have only discrete symmetries for B > 2. The B = 3 and 
B = 4 Skyrmions have tetrahedral and octahedral symmetry respectively. The B = 5, 6 and 
8 Skyrmions have extended dihedral symmetries, and the B = 7 Skyrmion has icosahedral 
symmetry. 

Some of these symmetric Skyrmions can be formed instantaneously during the collision of 
well separated B = 1 Skyrmions. For example, three Skyrmions initially placed on the vertices 
of a large contracting equilateral triangle scatter through the tetrahedral B = 3 Skyrmion, 
which then splits into a single Skyrmion and a B = 2 torus [8j. The dynamics is remarkably 
similar to the scattering of three SU(2) Bogomolny-Prasad-Sommerfield monopoles. 
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Figure 1: Skyrmions for 1 < B < 8, with m = 0. A surface of constant baryon density is shown, 
together with the baryon number and symmetry. 



In order to apply the Skyrme model to nuclear physics, a suitable parameter set must be 
chosen. A key consideration is the value of the dimensionless pion mass parameter m. When 
m = 0, the Skyrmions with B > 3, up to B = 22 [9][inilll] and beyond [5], are hollow polyhedra. 
The baryon density is concentrated in a shell of roughly constant thickness, surrounding a region 
in which the energy and baryon density are very small. Such a hollow structure is acceptable for 
small B, but clearly disagrees with the rather uniform baryon density observed in the interior 
of larger real nuclei. However, in the interior region of these Skyrmions the value of U is 
close to — 12, and for positive values of m, this is the value of U with highest potential energy. 
Not surprisingly, therefore, it is found that for baryon numbers B > 8 the hollow polyhedral 
Skyrmions do not remain stable when the pion mass parameter m is of order 1 |12|, [T3] . 

New stable Skyrmion solutions with baryon number a multiple of four have recently been 
found [7J. These solutions are clusters of cubic B = 4 Skyrmions, and so make contact with 
the a-particle model of nuclei [T7]. They are of more uniform density than the old solutions. 
For example, when m = the B = 8 Skyrmion is a hollow polyhedron with Dq^ symmetry. 
However, when m = 1 the stable solution is found to be a bound configuration of two B = 4 
cubic Skyrmions, with D^h symmetry (see Fig. 2). This matches the known physics that 
beryllium-8 is an almost bound state of two a-particles. For B = 12, the new solution is 
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an equilateral triangle of three B = 4 cubes. The lowest energy solution has C3 symmetry 
and is shown in Fig. 3, but there is a solution of very slightly higher energy with a larger 
symmetry. Rearranged solutions are analogous to the rearrangements of the a-particles 
which model excited states of nuclei. An example is the Skyrme model analogue of the three 
a-particles in a chain configuration for an excited state of carbon- 12 [211 137] . which is displayed 
in Fig. 4. 




Figure 2: Baryon density isosurface for the B = 8 Skyrmion with m = 1, resembling two 
touching B = 4 Skyrmions. 
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Figure 3: Top and bottom views of the B = 12 Skyrmion with triangular symmetry. 




Figure 4: B = 12 Skyrmion formed from three cubes in a line. 



4 The Rational Map Ansatz 

Skyrmion solutions are known for several values of B, but they can only be obtained numerically. 
Motivated by similarities between lumps, monopoles and Skyrmions, an underlying connection 
in terms of rational maps between Riemann spheres was investigated by Houghton, Manton 
and Sutcliffe [26], and this leads to a method of constructing good approximations to several 
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known Skyrmions for m = 0, and also for non-zero m. The rational maps have exactly the same 
symmetries as the Skyrmions in almost all cases. 

A rational map is a map from S 2 to S 2 , which can be expressed as 



R{z) 



P(z) 
?(*) 



(8) 



where p and q are polynomials in z. Via stereographic projection, a point on S 2 having complex 
coordinate z is identified as having conventional spherical polars given by 



tan- e i0 . 
2 



or equivalently as being the unit Cartesian vector 

1 



l + \z\ 



:(2Re(z),2Im(z),l 



(9) 



(10) 



We denote a point in M 3 by its coordinates (r, z), where r is the radial distance from the origin. 
The rational map ansatz for the Skyrme field is constructed from a rational map R(z) and a 
profile function f(r) as 



U(r,z) 



cos / + 1 sin j -j — — - 



i sin / 



2R 

i+\W 



i sin /- 



2R 



cos / - zsm/jq^j 



fill 



For this to be well-defined at the origin and infinity, one imposes /(0) = ir and /(oo) = 0. 
The rational map ansatz leads to some simplifications. The baryon number is given by 



B 



-/V sin/ 



2vr 2 V 



1 + \z\ 2 



f/2 



2i dzdz 2 t 



(l + |je 



2\2 



(12) 



and this reduces to the topological degree of the rational map, which is the greater of the 
algebraic degrees of p and q. The energy is given by 



E = 4vr 



r 2 f 2 + 2Bsin 2 f(f 2 + l)+l 



sin 4 / 



+ 2m 2 r 2 {\ — cos /) J dr , 



(13) 



in which I denotes the angular integral 



1 



1 

47T 



l + \z\ 2 
1 + \R\ 2 



dR 



dz 



2i dz dz 



(1 + 1* 



2^2 



(14) 



Minimal energy solutions within this ansatz are found by first minimizing X over all maps of 
degree B. The profile function / is then found by solving the second order ordinary differential 
equation that is the Euler-Lagrange equation obtained from (|13p with B, m and I as parameters. 
Table 1 lists the energy-minimizing rational maps, their symmetries and the total Skyrmion 
energy for 1 < B < 8 and m = 0, and in Fig. 5 we present a graph of their corresponding 
profile functions. The Skyrmions increase in size with increasing B. 
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B R{z) E/12-k 2 Symmetry 



1 

2 

3 
4 
5 
6 
7 



z 
z 2 

V3iz 2 -1 
z(z 2 -V3i) 

z 4 +2V3iz 2 +l 
2 4 -2 v / 3iz 2 +l 

z(z 4 +bz 2 +a) 
az 4 -bz 2 +l 

z' 2 (icz 4 +l) 

7z 5 +l 
z 2 (z 5 -7) 

z 6 -id 
2 2 (idz 6 -l) 



1.23 


0(3) 


2.42 


Ax>/i 


3.55 


T d 


4.55 


o h 


5.74 




6.82 


Da w 


7.75 




8.94 


D 6d 



Table 1: Energy-minimizing rational maps. The parameters a, b, c and d are numerically 
determined as 3.07, 3.94, 0.16 and 0.14 respectively. 




1 2 3 4 5 6 

Figure 5: The profile functions f(r) for B = 1 to 8. -B increases from left to right. 



5 Skyrmion Quantization 

In the semiclassical method of Skyrmion quantization, one quantizes the spin and isospin rota- 
tional degrees of freedom while treating the Skyrmion as a rigid body. As mentioned previously, 
the symmetry group of the model is nine-dimensional. Given a generic static Skyrmion Uq, there 
is a nine-parameter set of configurations, all degenerate in energy, obtained from Uq by some 
combination of translation, rotation and isorotation: 

U{x) = A 1 Uo{D(A 2 )(x-X))A\, (15) 

where A\,A 2 S SU{2) and D(A 2 )ij = \Tr:(TiA 2 TjA\) S 50(3). The quantization procedure 
promotes the collective coordinates Ai,A 2 ,X to dynamical variables, each depending on time 
|15j . In what follows, the translational degrees of freedom are ignored and the Skyrmions are 
quantized in their rest frames. 
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The ansatz for the dynamical Skyrme field is then given by 



t7(x, t) = A 1 (t)U (D(A 2 (t))^)A 1 (t)^ . (16) 
Inserting this into the Lagrangian ([3]), we obtain the kinetic energy 

T = ^diUijdj - diWijbj + ^biVijbj , (17) 

where frj and aj are the angular velocities in space and isospace respectively, 

aj = -i Tr TjA\k x , bj=i Tr TjA 2 A j 2 , (18) 
and the inertia tensors Uij, W%j and are functionals of the Skyrmion Uq given by 

Uij = - J Tr \ TiTj + j[R k ,TA[R k ,T j ] \ d 3 x , (19) 

Wij = J^vfa + ^Mfr,^])**, (20) 

Vij = -/^^^Tr^ + I^,^^^,^)^, (21) 

where R k = (d k U )U j and T 4 = § [ n , U ] U j . 

The momenta corresponding to bi and a, are the body-fixed spin and isospin angular mo- 
menta Li and Kf. 



Li = -W^aj + Vijbj, (22) 
Ki = Uijdj-Wijbj. (23) 

The space-fixed spin and isospin angular momenta are denoted J» and Ii respectively. One 
regards Li, Ki, Ji and Ii as quantum operators, each set satisfying the su(2) commutation 
relations. The quantum Hamiltonian is obtained by re-expressing ()1T|) in terms of Li and 
Ki. The symmetries of the inertia tensors are related to the symmetries of the Skyrmion 
Uq. In several cases, these tensors are proportional to the identity matrix, in which case the 
Hamiltonian is that of a spherical top. If the matrices have two or three distinct eigenvalues, 
the Hamiltonian is that of a symmetric or asymmetric top, respectively. 

Finkelstein and Rubinstein showed that it is possible to quantize a single Skyrmion as a 
fermion by defining wavefunctions on the covering space of the classical configuration space, 
which is a double cover for any value of B [20J. The wavefunction is defined in such a way 
that it has opposite signs on the two points of the covering space that cover one point in the 
configuration space. The basic Finkelstein-Rubinstein (FR) constraints on Skyrmion states 
for B > 1 implement the requirements of the Pauli exclusion principle (for nucleons). In 
particular they imply that for even B the spin and isospin are integral, and for odd B they 
are half-integral. Further FR constraints arise whenever the Skyrmion has special nontrivial 
symmetries. These constraint equations are now relatively easy to determine with the help 
of the rational map ansatz [3D]. For example, the toroidal symmetry of the B = 2 Skyrmion 
leads to FR constraints which imply that the quantum ground state has spin 1 and isospin 0, 
in agreement with the quantum numbers of the deuteron [15J. Also, the FR constraints imply 
that the lowest quantum state of the double cube B = 8 Skyrmion has spin and isospin 0, 
which is consistent with the quantum numbers of beryllium-8 [?]• 

A rational map R{z), and hence the corresponding Skyrmion, has a rotational symmetry 
if it satisfies an equation of the form R{M2{z)) = M\{R(z)), where M\ and M 2 are Mobius 
transformations. M 2 corresponds to a spatial rotation defined by an angle 9 2 and an axis n 2 ; 
and M\ corresponds to an isorotation defined by an angle 9\ and an axis ni. Such a symmetry 
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gives rise to a loop in configuration space (one thinks of this as a loop by letting the isorotation 
angle increase from to Ox, while the rotation angle increases from to 62). The symmetry 
leads to the following constraint on the wavefunction: 

gtfana.Lgiflim.Ki^ = XFR |^) f (24) 

where the FR sign xfk enforces the fermionic quantization condition: 

f +1 if the loop induced by the symmetry is contractible, . . 

XFR = \ -1 otherwise. (25) 

Krusch showed that the FR sign depends only on the angles 9\ and #2 (provided a crucial base 
point condition is satisfied for further details of which we refer the reader to Ref. |30j) through 
the formula 

Xfr = (-1) M , where N = ^-{B0 2 -Ox). (26) 

A convenient basis for the wavefunctions is given by the direct products \J, J3, £3)®! I, I3, K3}, 
which is effectively shorthand for tensor products of Wigner D-functions parametrized by the 
rotational and isorotational Euler angles. In what follows, the arbitrary third components of the 
space and isospace angular momenta are omitted, so basis states are denoted |J, L3) ® \I,K$). 
By considering the reflection symmetries of the rational maps, one can determine the parities 
of the quantum states, but we do not discuss this further here. 



6 Reparametrizing the Model 

Adkins, Nappi and Witten first quantized the B = 1 Skyrmion and showed that the lowest 
energy states may be identified with the proton/neutron isospin doublet [H12]- The masses of 
the nucleons and deltas were used to calibrate the model, and they obtained these values for 
the Skyrme parameters: 

e = 4.84, F w = 108 MeV and m n = 138 MeV (which implies m = 0.528) . (27) 

However, the delta is rotating at relativistic speeds and decays very rapidly, so this calibration 
is not very reliable [6]. 

In |36| we considered the lowest lying quantum state of the B = 6 Skyrmion, which has the 
quantum numbers of the lithium-6 nucleus in its ground state, i.e. spin 1 and isospin 0. We 
calculated a number of its static properties, dependent only on the Skyrme model parameters, 
and then chose e, F n and m such that the predictions of the model agree precisely with the 
experimentally determined values. It appears that this new parameter choice more accurately 
describes properties of small nuclei than the traditional parameter set (I27D . By roughly doubling 
m to 1.125, we obtained a mean charge radius of the quantized B = 6 Skyrmion in close 
agreement with that of the lithium-6 nucleus. This sets a new Skyrme length scale. We then 
showed, provided a slight modification of the rational map is performed (while preserving its 
symmetry), that the quadrupole moment agrees with experiment. Finally, by equating the 
mass of the quantized B = 6 Skyrmion to the lithium-6 nucleus, we fitted the energy scale of 
the model. Keeping the pion mass fixed at its physical value, we have a new set of Skyrme 
parameters: 

e = 3.26, F n = 75.2 MeV and = 138 MeV (which implies m = 1.125) . (28) 

Reconsidering the a-particle and deuteron as quantized B = 4 and B = 2 Skyrmions gives 
further support for these new values. In what follows, this new parameter set is used throughout. 
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7 Energy Spectra of Light Nuclei 



Here we review and slightly extend our work on the semiclassical quantization of Skyrmions with 
B = 4, 6 and 8, as approximated by the rational map ansatz [33]. By exploiting the holomorphic 
character of the rational map one obtains useful general expressions for the elements of the 
inertia tensors (|19l2QI2ip in terms of the approximating rational map. These formulae are 
slightly simpler than those obtained by Kopeliovich [25] • Using these formulae, one can apply 
techniques detailed in Ref. [31] to calculate the energy spectra of the quantized Skyrmions. 



7.1 B = A 

The B = 4 Skyrmion has octahedral symmetry and a cubic shape, and is described by the 
rational map 

The generating symmetries of the rational map are 

R ^ = W)- "(Sh)-'*™- (30) 

which lead to the FR constraints 

e^V^I*} = |*) , e ^ (Ll+i2+L3) e^^|^) = . (31) 

Solving these in the basis described previously, one obtains the ground state |0, 0) <S> |0, 0) with 
spin and isospin 0, which are the quantum numbers of the helium-4 nucleus, or a-particle. 
This is in agreement with earlier work of Walhout [19] . The next lowest lying states are a spin 
2, isospin 1 state given by 

|2, 2) + V2i\2, 0) + |2, -2)) 8>|1,1)- (|2, 2) - V2i\2, 0) + |2, -2)) (32) 

and a spin 4, isospin state given by 

^|4, 4) + ^14, 0) + |4, -4} j ® |0, 0) . (33) 

The symmetries imply that the elements of the inertia tensors Uij, Vij and Wij are all 
diagonal, with U\\ = U22, V,j = v8ij and Wij = 0. Un, L/33 and v are numerically determined. 
The quantum Hamiltonian is given by 

^ j2 +^ i2 +K«H (34) 

The eigenvalue of J 2 in states of spin J is J(J + 1), the standard result. Similarly I 2 has 
eigenvalues 1(1 + 1). The energy eigenvalues are calculated as: 

Ej =0t i=o = -M 4 = 3679MeV, (35) 
E J=2 ,i=i = Ma + 28.7 MeV = 3708 MeV , (36) 
£j =4 , 7=0 = M 4 + 39.4 MeV = 3718 MeV . (37) 

For the ground state, the energy is simply the static mass of the Skyrmion, Comparing 
this to the mass of the a-particle, 3727 MeV, we see that our prediction comes to within 2% 
of the experimental value. For the spin 2, isospin 1 state, the excitation energy is 28.7 MeV. 
We note that hydrogen-4, helium-4 and lithium-4 form an isospin triplet, whose lowest energy 
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state has spin 2 and has an average excitation energy of 23.7 MeV relative to the ground state 
of helium-4, so here the Skyrmion picture works well [45]. Finally, we predict a spin 4, isospin 
state with an excitation energy of 39.4 MeV. Such a state of helium-4 has not yet been seen 
experimentally. However, suggestions that such a state exists with an excitation energy of 
24.6 MeV have been made previously |23} 124"] . In Fig. 6 we present the energy level diagram 
for the quantized B = 4 Skyrmion and the corresponding experimentally observed states. 



28.7MeV 1=2", 1=1 



39.4MeV7 J=4*,I=0 



28.7MeV 1=2-. 1=1 



28.7MeV 1=2-, 1=1 



24.3MeV 1=2-. 1=1 



Hydrogen-4 



23.3MeV J=2" 1=1 



23.4MeV 1=2-, 1=1 



Lithium-4 



j=o * 1=0 

Helium-4 



Figure 6: Energy level diagram for the quantized B = 4 Skyrmion. Solid lines indicate experi- 
mentally observed states, while dashed lines indicate our predictions. 



7.2 B = 6 

The quantization of the B = 6 Skyrmion was first considered by Irwin [27]. The Skyrmion has 
D±d symmetry and can be approximated using the rational map 



R(z) 



4 i • 

z + ia 
z 2 (iaz 4 + l) 



a = 0.16. 



(38) 



Solving the FR constraints arising from the Skyrmion's symmetry one obtains its allowed quan- 
tum states [36]. The lowest three are |1,0) (g) |0,0), |3,0) <g> |0,0) and |0,0) <g> |1,0). The 
Hamiltonian is given by 



T = — [J 2 - LV\ +— [I 2 - Ki) + 



1 



2U U 



2(U 33 V 33 - W, 



:-!?> I 



[U 33 L 2 3 + V 33 Kl + 2^33^3] • (39) 



The static Skyrmion mass, A4q, is set to be 5600 MeV, just below the mass of the lithium-6 
nucleus, to allow for the spin energy which is of order 1 MeV0. The energy eigenvalues corre- 
sponding to the lowest three states are then given by 



Ej=ij=o 
Ej =3: 7=0 
Ej=o i=i 



M 6 + — = M 6 + 1.7 MeV = 5601 MeV , 
6 

M 6 + — = M 6 + 10.3 MeV = 5610 MeV , 



M 6 + 



U 



Mr + 12.1 MeV = 5612 MeV . 
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(40) 
(41) 
(42) 



These states, together with further allowed states, are displayed on the energy level diagram in 
Fig. 7. The experimental energy level diagram is displayed in Fig. 8 [46] . 
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Figure 7: Energy level diagram for the quantized B = 6 Skyrmion. Energies are given relative 
to the spin 1, isospin ground state. 
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Figure 



Lithium-6 

Energy level diagram for nuclei with B = 6. 



The ground state of the lithium-6 nucleus has spin 1 and isospin 0, and there is an excited 
state with spin 3 with excitation energy 2.2 MeV. The lowest states of the isotriplet of helium-6, 
lithium-6 and beryllium-6 have spin and spin 2. Further states of this isotriplet with spins 2, 3 
and 4 are experimentally observed although the data are not complete. One state of an isospin 
2 multiplet, the ground state of hydrogen-6, is also observed. The Skyrme model qualitatively 

1 This updates Ref. [36] where we treated the spin energy as negligible 
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reproduces this spectrum and has some further states. The hydrogen-6 state is predicted to 
have spin 0. The only problem is for the lower spin states of lithium-6 as the energy splittings 
are too large by a factor of three to four. Note that we predict a number of states that have 
not yet been seen experimentally, for example spin 4 and spin 5 excited states of lithium-6 with 
isospin 0. The quantization of further degrees of freedom, such as vibrational modes, may lead 
to improvements of these predictions. For example, we have not considered the possibility of 
the nucleus separating into an a-particle and a deuteron. 



7.3 B = 8 

As described in section 3, the stable B = 8 Skyrmion when m is of order 1 resembles two 
touching B = 4 cubes (see Fig. 2). In this case, the rational map ansatz does not provide a 
quantitatively accurate approximation. However, a rational map that has the equivalent 
symmetry can be used to determine the FR constraints and quantum states of the Skyrmion. 
Such a rational map is 

R{Z) = z*-bzs-az*-bzi + l ' (43) 
with a and b real. The FR constraints are given by 

e ifZ3 e wJiri|^ = ; e ™ Ll \W) = I*) . (44) 

These allow a ground state with spin 0, isospin 0, an excited state with spin 2, isospin 0, and 
many more excited states. 

To estimate the moments of inertia one can work directly with the known inertia tensors 
of two B = 4 cubes and as a simplifying approximation use the parallel axis theorem [33j . 
The resulting inertia tensors are diagonal and satisfy the relations Uu = U22, V11 = V22 and 
Wij = 0, and so the Hamiltonian is 

Figures 9 and 10 are energy level diagrams for the quantized B = 8 Skyrmion and for the 
B = 8 nuclei [Uj, respectively. Our predictions agree well with experiment. The predicted 
energy of the spin 2, isospin state is 2.9 MeV, which is a very good match to the experimental 
value of 3 MeV. We obtain a spin 2 isotriplet with energy 13.3 MeV. Experimentally such a triplet 
exists with an average excitation energy of 16.5 MeV. We also obtain a spin 3 isotriplet with 
energy 16.2 MeV, which is experimentally seen with an average excitation energy of 19.0 MeV. 
We have also found quintets of / = 2 states. The lowest of these, with spin 0, has been detected 
experimentally with excitation energies very close to our prediction, and includes the helium-8 
and carbon-8 ground states. We have recently started working with the exact values of the 
inertia tensors and have obtained similar results. 

Of particular interest is the prediction from the Skyrme model of a spin isotriplet of 
negative parity states, which if established experimentally could include new ground states of 
the lithium-8 and boron-8 nuclei. Low-lying spin 0, negative parity states could be difficult to 
observe, as experienced by the difficulty and the long time taken to observe the bottomonium 
and charmonium ground state mesons 775 and rj c [U [39] . 
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27.4 MeV J=0+, 1=2 



24.6 MeV J=0+, 1=2 

Helium-8 



27.4 McV J=0+, 1=2 



24.6 McV J=0+, 1=2 



16.2 McV J=3+, 1=1 



13.3 McV J=2+, 1=1 



27.4 McV J=0+, 1=2 



24.6 McV J=0+, 1=2 



16.2 McV J=3+, 1=1 



13.3 McV J=2+, 1=1 



8.4 McV? J=0-, 1=1 

Lithium-8 



9.7 McV 1=4*, 1=0 



8.4 McV? J=0- 1=1 



2.9 McV 1=2*. 1=0 



27.4 McV J=0+, 1=2 



24.6 McV J=0+, 1=2 



16.2 MeV J=3+, 1=1 



13.3 McV J=2+, 1=1 



27.4 McV J=0+, 1=2 



24.6 McV J=0+, 1=2 

Carbon-8 



8.4 MeV? J=0-, 1=1 

Boron-8 



Beryllium-8 

Figure 9: Energy level diagram for the quantized B = 8 Skyrmion. The putative J = 0~ 
isotriplet is represented by dashed lines. Higher energy negative parity states are also predicted, 
but are omitted here. 



28.1 MeV J=0+, 1=2 

Helium-8 



27.8 MeV J=0+, 1=2 



19.3 MeV J=3+, 1=1 



17.0 MeV 1=2*, 1=1 



27.5 MeV J=0+, I=" 



19.1 McV J=3+, 1=1 



16.6 MeV J=2+, 1=1 



Lithium-8 



11.4 MeV J=4+, 1=0 



3.0 McV J=2+, 1=0 



27.0 MeV J=0+, 1=2 



18.6 MeV J=3+, 1=1 



16.4 MeV 1=2*, 1=1 



26.3 MeV J=0+, 1=2 



Carbon-8 



Boron-8 



Beryllium-8 

Figure 10: Energy level diagram for nuclei with B = 8 (selected levels). 



8 Electromagnetic Form Factors of Quantized Skyrmions 

The results described so far are encouraging for the Skyrme model of nuclei. Firstly, stable 
Skyrmions exist for all baryon numbers that we wish to consider. Secondly, they have quantum 
states with the same spin and isospin quantum numbers as their corresponding nuclei. And 
thirdly their energy spectra are in reasonable agreement with experiment. A criticism of the 
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model is that nuclei, bound states of protons and neutrons, bear little resemblance to highly 
symmetric classical Skyrmions, even taking into account that the classical Skyrmion occurs in 
all possible orientations in space and in isospace, with probability density determined by the 
collective coordinate wavefunction. The comparison of static properties and energy levels does 
not really address this criticism. 

Now, the internal structure of nuclei can be investigated by electron scattering. The fi- 
nite size of the nuclear charge distribution produces large deviations from the differential cross 
section for scattering from a point charge. A measure of this departure is provided by electro- 
magnetic form factors. In this section we investigate whether the symmetries of the classical 
Skyrmions give rise to unusual behaviour in the form factors which would be incompatible with 
those of the nuclei they are supposed to model. The form factors of lithium-6 are calculated 
here, following the method developed by Braaten and Carson that was applied to the deuteron 
|16j . We will also consider the charge form factor of the a-particle. 

We need to consider the full moduli space of Skyrmion collective coordinates, including 
translations, so we make the ansatz for the dynamical Skyrme field: 

U(x,t) = A 1 (t)U (D(A 2 (t))(x-X(t)))A 1 (t)K (46) 

Form factors are calculated by inserting this ansatz into the expression for the electromagnetic 
current 

J„ = ^ + lJ, (47) 

and determining matrix elements of the resulting operator between quantum states, is the 
third component of the isospin current density, and the baryon current ([5]). 

The ground state of the quantized B = 6 Skyrmion, which we recall has spin 1 and isospin 
0, is 

^a(p) = ^AU(^V0£oV«,A7)e ip ' X (48) 

in terms of Wigner L>-functions parametrized by the rotational and isorotational Euler angles. 
J3 is the third component of the space-fixed spin, and p is the momentum. The charge and 
quadrupole form factors are defined in the Breit frame (i.e. the frame in which the sum of the 
initial and final momenta is zero) in terms of the matrix element of Jq between ground states: 

(M/ J ,(p / )|Jo(x = 0)|*j 8 (p)) = G c (q 2 )5j, j 3 + ^G Q (q 2 )n 4a (3q a q b - q 2 5 ab )^\ h , (49) 

where q = p' — p is the momentum transfer, q 2 = q • q, Mq is the Skyrmion mass and £1 is 
the unitary matrix relating the Cartesian basis to the spin 1 angular momentum basis. 

Braaten and Carson [16] obtained a general expression for the matrix element of j7o, which 
may be simplified to 

(^(p , )l^o(0)|fj 3 (p)) = 

&J> 3 J 3 \ J j (qr)B ( X )d 3 x + n 4a (3q a q b -q 2 5 ab )nl J3 ~ J (1 - 3 cos 2 8) j 2 (qr)B (x)d 3 x , (50) 

where j n (q r ) denote spherical Bessel functions and B$ is the baryon density of the Skyrmion 
Uq in its initial orientation. Therefore 

Gc(q 2 ) = \ f jo(qr)B ( X )d 3 x , (51) 



2 

1 G Q(l 2 ) = ~ J (1-3 cos 2 6) j 2 (qr)B (x)d 3 x. (52) 



Mi 



As q 2 — > 0, Gc(q 2 ) — ► 3 — \q 2 (r 2 ) and Gq(q 2 ) — > MqQ, where (r 2 ) and Q are the squared 
mean charge radius and quadrupole moment. Note that (r 2 ) is proportional to the derivative 
of Gc(q 2 ) with respect to q 2 . 
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The structure of the lithium-6 nucleus is also described by a magnetic form factor. Before 
going into this, we will firstly describe the calculation of the magnetic dipole moment of the 
quantized B = 6 Skyrmion in the Skyrme model. The classical magnetic moment is defined by 



Ma = ^ / CabcXbJc d X . (53) 

As the ground state has isospin 0, the electromagnetic current density J c is equal to half the 
baryon current density ([5]), and so 

Ha = j J e abc x b B c d 3 x . (54) 

Inserting the expression for the rotated classical Skyrmion (I16p . we obtain 

/}„ = D(A 2 )l a (M ak a k + N ak b k ) , (55) 

where 

M ak = ^ J xpTr {T k [R a ,Rp])d 3 x, (56) 

N ak = ^2 J ekrsXpXr Ti (R s [R a , Rp}) d 3 x , (57) 

and these are calculated for the unrotated Skyrmion. These matrices are straightforward to 
calculate approximately using the rational map ansatz. The symmetry of the Skyrmion 
implies that M ak and N ak are diagonal and satisfy Mn = M22 = and N\\ = N 2 2- These 
relations imply that the terms of fi a involving ./V33 multiply the operator K3, which annihilates 
the quantum state of the Skyrmion. We ultimately obtain 

Nu 

pb a = —-rz—Ja + terms proportional to K3 , (58) 
Vn 

where Vn is a component of the spatial inertia tensor (I2ip . The magnetic dipole moment, /i, is 
defined to be the expectation value of jl^ between quantum ground states with J3 = 1, and so 



Nn 

M = 



— / r 2 (l + cos 2 9)B (x)d 3 x. (59) 
ni J 



Vn 8V1 

[i is calculated to be 0.54 nm (in physical units), which is quite close to the experimental value 
for lithium-6 of 0.82 nm |5D] . 

The magnetic form factor is defined in the Breit frame in terms of the matrix elements of 
the spatial components of the electromagnetic current density between quantum ground states 
of the B = 6 Skyrmion [16] : 



(^(pOlJHx = 0)|*js,(p)> = ^G M ( 9 2 )0;- a ( 9 tt ^ - Sf q b )nl J3 . (60) 
This matrix element is given by 

<*J$(p')l#(0)|*Ja(p)> = n 4a(q a Sl-Sfq b )nl J3 -^-^ J r (l + cos 2 0) ji(qr)B (x)d 3 x , (61) 
from which the magnetic form factor is obtained as: 

2jA, GM{q2) = I r ( 1 + cos29 )n(qr)B Q (^)d 3 x. (62) 
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As q 2 — ► 0, Gm(q 2 ) — ► 2M.Q/J,. So the static electromagnetic properties are recovered from the 
electromagnetic form factors in the limit of zero momentum transfer. 

In Fig. 11 we present a graph of the absolute normalized charge form factor for lithium- 
6 and for the quantized B = 6 Skyrmion. There is no method of experimentally separating 
Gc(q 2 ) and Gg(q 2 ). Due to the smallness of Gq((/ 2 ), we have made the comparison under the 
assumption that the observed electron scattering cross sections are due entirely to monopole 
charge scattering. This is consistent with other approaches [32J. We observe that the slopes 
of the theoretical and experimental form factors agree at q 2 = 0. This was, of course, to be 
expected as our new parameter set was chosen such that the mean charge radius is correctly 
predicted. The first cusp in the form factor is experimentally seen somewhere in the range 
7fm -2 < q 2 < 8fm~ 2 . We underpredict the location of this first cusp to be at roughly 2fm~ 2 . 
We recall that the Skyrmion baryon density vanishes at the centre of the Skyrmion, which is 
unlike the conventional picture of a nucleus with its baryon density having at most a small dip 
in the centre. This may be the reason why the form factor cusps appear at too low values of 
the momentum transfer. Softening the Skyrmion by allowing it to vibrate may give a better fit. 
In comparison, in Fig. 12 we observe that our prediction for the absolute normalized magnetic 
form factor agrees rather well with experiment. 



\G c (q 2 )IG c (Q)\ 




Figure 11: Absolute values of the charge form factor of the quantized B = 6 Skyrmion (solid) 
compared with experimental data for lithium-6 (dots) [181 132} 14*1"]. 



\G M (q 2 )/G M (0)\ 




Figure 12: Absolute values of the magnetic form factor of the quantized B = 6 Skyrmion (solid) 
compared with experimental data for lithium-6 (dots) [14} |4"T] 
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We turn now to the a-particle. The cross section for the elastic scattering of electrons off a 
spin nucleus, such as the a-particle, depends only on the charge form factor, which is given 
by 

Gc(q 2 ) = \ J jo(qr)B (x)d 3 x. (63) 

In Fig. 13 we have plotted the absolute normalized values of the charge form factor of the a- 
particle and the quantized B = 4 Skyrmion. Certainly, the two graphs have the same qualitative 
features, with the appearance of cusps in both cases. However, again our predicted cusps appear 
at smaller values of momentum transfer than the experimental cusps. Another thing to note 
is that we overpredict the magnitude of the slope of Gc{q 2 ) at q 2 = 0, and correspondingly 
overpredict the mean charge radius of the nucleus. A further reparametrization of the Skyrme 
model, simultaneously leading to an accurate mean charge radius and to the correct location 
of the first cusp might be worth investigating. New data on the form factors of light nuclei are 
currently being collected at JLAB and preliminary results indicate a second cusp in the charge 
form factor of the a-particle |19J. 



\G c (q 2 )IG c (0)\ 




Figure 13: Absolute values of the charge form factor for the quantized B = 4 Skyrmion (solid) 
compared with experimental data for helium-4 (dots) [3"j 122]. 



9 Conclusion 

The work presented here has certainly provided support for Skyrme's field theoretical model for 
nuclei. In the Skyrme model, the individual B = 1 Skyrmions merge and lose their identities 
in the Skyrmion solutions with B > 1, which is unlike conventional nucleon potential models. 
This may capture an essential feature of nuclei in the configurations where nucleons are as close 
together as possible. It leads to a new geometry with which to describe nuclei. Our constraints 
on the allowed quantum numbers of states provide indirect support for this geometrical picture. 
The results which we have obtained for energy levels agree well with experiment, and the new 
parameter set which we proposed has enabled us to more accurately estimate properties of 
nuclei over a wider range than before. We have made predictions of a number of excited states 
of nuclei that have not been seen experimentally. This includes the prediction of a spin 4 state of 
helium-4, with an excitation energy higher than those of the experimentally established states. 
We have also predicted new spin 0, negative parity ground states of lithium-8 and boron-8. The 
qualitative behaviour of our form factors is in quite good agreement with experiment, and the 
symmetries of the classical Skyrmions do not lead to contradictions with experiment. 

The approach here is the semiclassical method of quantization, which unifies the treatment 
of spin and isospin excitations. We have quantized the collective coordinates for translations, 



17 



rotations and isospin rotations, while ignoring further degrees of freedom, which are referred 
to as vibrational modes. Allowing the individual Skyrmions, or subclusters of Skyrmions, to 
move relative to each other, and performing a quantization of these degrees of freedom, would 
be a significant refinement. We have mainly used the rational map ansatz, which gives good 
approximations for small baryon numbers, but cannot easily be extended to higher B. With 
our collaborators Battye and Sutcliffe, we have recently started working with the numerically 
determined, exact Skyrmion solutions including B = 10 and B = 12, in order to model the 
corresponding nuclei, including boron- 10 and carbon- 12. Despite achieving considerable success 
in describing nuclei with even B, we would like to understand better the odd baryon number 
sectors of the model. 

We have worked with the standard SU(2) Skyrme model. The inclusion of strange quarks in 
the model would be a further refinement. The introduction of explicit vector meson fields leads 
to an improved description of the short-range structure of the nucleons |38|. [53] . This could lead 
to further refinement of the modelling of nuclei, but not much is known about Skyrmions with 
B > 1 in these extended models. 

Recent work by Sakai and Sugimoto and others has given further credence to the idea that at 
large N c , baryons and nuclei are described by some variant of the Skyrme model |42j . Properties 
of baryons were predicted in this framework and it should be possible to predict properties of 
nuclei using this model [23] . 

References 

[1] G. S. Adkins and C. R. Nappi, The Skyrme model with pion masses, Nucl. Phys. B233: 
109 (1984) 

[2] G. S. Adkins, C. R. Nappi and E. Witten, Static properties of nucleons in the Skyrme 
model, Nucl. Phys. B228: 552 (1983) 

[3] R. G. Arnold et al., Elastic electron scattering from ?J He and 4 He at high momentum 
transfer, Phys. Rev. Lett. 40: 1429 (1978) 

[4] B. Aubert et al., Observation of the bottomonium ground state in the decay T(3S") — > jr/b 
Phys. Rev. Lett. 101: 071801 (2008) 

[5] R. A. Battye, C. J. Houghton and P. M. Sutcliffe, Icosahedral Skyrmions, J. Math. Phys. 
44: 3543 (2003) 

[6] R. A. Battye, S. Krusch and P. M. Sutcliffe, Spinning Skyrmions and the Skyrme parame- 
ters, Phys. Lett. B626: 120 (2005) 

[7] R. A. Battye, N. S. Manton and P. M. Sutcliffe, Skyrmions and the a-particle model of 
nuclei, Proc. R. Soc. A463: 261 (2007) 

[8] R. A. Battye and P. M. Sutcliffe, Multi-soliton dynamics in the Skyrme model, Phys. Lett. 
B291: 150 (1997) 

[9] R. A. Battye and P. M. Sutcliffe, Symmetric Skyrmions, Phys. Rev. Lett. 79: 363 (1997) 

[10] R. A. Battye and P. M. Sutcliffe, Solitonic fullerene structures in light atomic nuclei, Phys. 
Rev. Lett. 86: 3989 (2001) 

[11] R. A. Battye and P. M. Sutcliffe, Skyrmions, fullerenes and rational maps, Rev. Math. 
Phys. 14: 29 (2002) 



18 



[12] R. A. Battye and P. M. Sutcliffe, Skyrmions and the pion mass, Nucl. Phys. B705: 384 
(2005) 

[13] R. A. Battye and P. M. Sutcliffe, Skyrmions with massive pions, Phys. Rev. C73: 055205 
(2006) 

[14] J. C. Bergstrom, S. B. Kowalski and R. Neuhausen, Elastic magnetic form factor of e Li, 
Phys. Rev. C25: 1156 (1982) 

[15] E. Braaten and L. Carson, Deuteron as a toroidal Skyrmion, Phys. Rev. D38: 3525 (1988) 

[16] E. Braaten and L. Carson, Deuteron as a toroidal Skyrmion: Electromagnetic form factors, 
Phys. Rev. D39: 838 (1989) 

[17] D. M. Brink, H. Friedrich, A. Weiguny and C. W. Wong, Investigation of the alpha-particle 
model for light nuclei, Phys. Lett. B33: 143 (1970) 

[18] F. A. Bumiller, F. R. Buskirk and J. N. Dyer, Elastic electron scattering from ®Li and 7 Li 
at low momentum transfer, Phys. Rev. C5: 391 (1972) 

[19] K. de Jager, Elastic form factors of 3 ' 4 He up to large Q 2 . larXrv70 801.4527 

[20] D. Finkelstein and J. Rubinstein, Connection between spin, statistics and kinks, J. Math. 
Phys. 9: 1762 (1968) 

[21] H. Friedrich, L. Satpathy and A. Weiguny, Why is there no rotational band based on the 
7.65 MeV0 + state in 12 C?, Phys. Lett. B36: 189 (1971) 

[22] R. F. Frosch, J. S. McCarthy, R. E. Rand and M. R. Yearian, Structure of the 4 He nucleus 
from elastic electron scattering, Phys. Rev. 160: 874 (1967) 

[23] W. Griiebler, New polarization measurements in few-nucleon systems, Nucl. Phys. A463: 
193c (1987) 

[24] W. Griiebler et al., New highly excited 4 He levels found by the 2 H(d,p) 3 H reaction, Nucl. 
Phys. A369: 381 (1981) 

[25] D. K. Hong, M. Rho, H-U. Yee and P. Yi, Dynamics of baryons from string theory and 
vector dominance, JHEP 09: 063 (2007) 

[26] C. J. Houghton, N. S. Manton and P. M. Sutcliffe, Rational maps, monopoles and 
Skyrmions, Nucl. Phys. B510: 507 (1998) 

[27] P. Irwin, Zero mode quantization of multi- Skyrmions, Phys. Rev. D61: 114024 (2000) 

[28] V. B. Kopeliovich, Characteristic predictions of topological soliton models, J. Exp. Theor. 
Phys. 93: 435 (2001) 

[29] V. B. Kopeliovich and B. E. Stern, Exotic Skyrmions, JETP Lett. 45: 203 (1987) 

[30] S. Krusch, Homotopy of rational maps and the quantization of Skyrmions, Ann. Phys. 304: 
103 (2003) 

[31] L. D. Landau and E. M. Lifschitz, Quantum Mechanics - Course of Theoretical Physics 
Vol. 3, 3rd Edition, Butterworth-Heinemann (1977) 

[32] G. C. Li, I. Sick, R. R. Whitney and M. R. Yearian, High-energy electron scattering from 
6 Li, Nucl. Phys. A162: 583 (1971) 



19 



[33] O. V. Manko, N. S. Manton and S. W. Wood, Light nuclei as quantized Skyrmions, Phys. 
Rev. C76: 055203 (2007) 



[34 
[35 

[36; 
[37; 
[38; 

[39 

[40; 

[41 

[42 

[43 
[44; 

[45 

[46 
[47; 

[48; 
[49; 

[50 
[51 
[52 
[53; 



N. S. Manton, Is the B = 2 Skyrmion axially symmetric?, Phys. Lett. B192: 177 (1987) 

N. Manton and P. Sutcliffe, Topological Solitons, Cambridge University Press (2004) 

N. S. Manton and S. W. Wood, Re-parametrizing the Skyrme model using the lithium-6 
nucleus, Phys. Rev. D74: 125017 (2006) 

H. Morinaga, Interpretation of some of the excited states of J^n self- conjugate nuclei, Phys. 
Rev. 101: 254 (1956) 

E. M. Nyman and D. O. Riska, Nuclei as topological solitons, Int. J. Mod. Phys. A3: 1535 
(1988) 

R. Partridge et al., Observation of an r\ c candidate state with mass 2978 ± 9 MeV, Phys. 
Rev. Lett. 45: 1150 (1980) 

P. Raghavan, Table of nuclear moments, At. Data Nucl. Data Tables 42: 189 (1989) 

R. E. Rand, R. Frosch and M. R. Yearian, Elastic electron scattering from the magnetic 
multipole distributions of Li 6 , Li 7 , Be 9 , B 10 , B u , and N 1A , Phys. Rev. 144: 859 (1966) 

T. Sakai and S. Sugimoto, Low energy hadron physics in holographic QCD, Prog. Theor. 
Phys. 113: 843 (2005) 

T. H. R. Skyrme, A nonlinear field theory, Proc. Roy. Soc. A260: 127 (1961) 

L. R. Suelzle, M. R. Yearian and Hall Crannell, Elastic electron scattering from 6 Li and 
7 Li, Phys. Rev. 162: 992 (1967) 

D. R. Tilley, H. R. Weller and G. M. Hale, Energy levels of light nuclei A = 4, Nucl. Phys. 
A541: 1 (1992) 

D. R. Tilley et al., Energy levels of light nuclei A = 5,6, 7, Nucl. Phys. A708: 3 (2002) 

D. R. Tilley et al., Energy levels of light nuclei A = 8,9, 10, Nucl. Phys. A745: 155 (2004) 

J. J. M. Verbaarschot, Axial symmetry of bound baryon number two solution of the Skyrme 
model, Phys. Lett. B195: 235 (1987) 

T. S. Walhout, Quantizing the four-baryon Skyrmion, Nucl. Phys. A547: 423 (1992) 
S. Weinberg, The Quantum Theory of Fields Vol. 2, Cambridge University Press (1996) 

E. Witten, Global aspects of current algebra, Nucl. Phys. B223: 422 (1983) 

E. Witten, Current algebra, baryons, and quark confinement, Nucl. Phys. B223: 433 (1983) 

I. Zahed and G. E. Brown, The Skyrme Model, Physics Reports 142: 1 (1986) 



20 



